By applying the holographic renormalization method to the metric formalism of f (Ric) gravity in three dimensions, we obtain the Brown-York boundary stress-tensor for backgrounds which asymptote to the locally AdS 3 solution of Einstein gravity. The logarithmic divergence of the on-shell action can be subtracted by a non-covariant cutoff independent term which exchanges the trace anomaly for a gravitational anomaly. We show that the central charge can be determined by means of BTZ holography or in terms of the Hawking effect of a Schwarzschild black hole placed on the boundary. *
Introduction
Black hole physics is the essential ingredient of any quantum theory of gravity. In the context of AdS 3 /CFT 2 correspondence, the CFT partition function of a BTZ black hole [1, 2] can be identified via a modular transformation in terms of the free energy of the vacuum which corresponds to the thermal AdS 3 [3] , and the Cardy formula [4] reproduces the BekensteinHawking black hole entropy [5] . The Virasoro algebra of the dual CFT is initially identified as the asymptotic symmetry algebra of the AdS 3 spacetime [6] . For Einstein gravity, the corresponding central charge can be determined in terms of the holomorphic Weyl anomaly [7] . In [8, 9] the holographic stress-energy tensor is identified in terms of the Brown-York tensor [10] .
Inspired by the Brown-Henneaux approach to the AdS/CFT correspondence [6] , it is natural to seek the extension of the duality to higher-derivative gravity in AdS 3 . Since in three dimensions, the Riemann tensor can be given in terms of the metric G µν and the Ricci tensor R µ ν , f (R µ ν ) gravity, in which f is a polynomial in R µ ν , is quite interesting. Massive gravity studied in [11] is an example of such models.
The first step towards holography is identifying the CFT stress-tensor. Following [12] , the AdS/CFT correspondence implies that the expectation value of the stress-energy tensor of the dual CFT can be identified with the Brown-York tensor [9] . In order to obtain the Brown-York tensor, one needs to identify the surface terms which are needed to make the action stationary given only δG µν = 0 on the boundary. For the two-derivative EinsteinHilbert action, the surface term is the Gibbons-Hawking term [13] .
For f (R) models, in which R denotes the Ricci scalar, one needs to cancel surface terms that depend on δR. In [14] , the authors argue that no such boundary terms exist in general. It is known that f (R) gravity is equivalent to Einstein gravity coupled to a scalar field. Of course this equivalence relies on a conformal transformation which can be in general singular [15] . More precisely, f (R) model in metric formalism is equivalent to ω = 0 BransDicke theory [16] . From this point of view, R carries the scalar degree of freedom and ψ ≡ f ′ (R) is christened scalaron [17] . So it is reasonable to set δR = 0 on the boundary [18] . In the GR limit f (R) → R the scalar field decouples from the theory [19] and consequently there is no need to make any assumption on δR| B in GR. 1 In the more general case of f (R µ ν ) gravity, different approaches have been considered. For example, in [20] the surface terms are determined for general Euler density actions; in [21] this terms are given in a first order formulation of the theory, and in [22] , the surface terms are obtained in an on-shell perturbative approach, i.e. one considers the higher derivative terms as perturbations to the Einstein-Hilbert action, and uses the field equations to compute the necessary boundary term.
In order to find the Brown-York tensor, one also needs to determine the counter-terms which holographically renormalize the action, i.e. make the action finite for asymptotically locally AdS backgrounds. For Einstein gravity, these terms are computed in [7, 8, 9] . In [23, 24] , this method is generalized to R 2 models and in [25] , the corresponding counter-terms are obtained in the second order formulation involving an auxiliary tensor field. We intend to generalize these results to arbitrary f (R µ ν ) models in three dimensions. Actually, the Ostrogradski's theorem implies that f (R µ ν ) models are in general instable [26] . This instability is explicitly shown e.g. in [27] , and is extensively studied in the case of massive gravity [11] . We are not going to study the stability of f (R µ ν ) models here. Our goal is to obtain the holographically renormalized Brown-York tensor for f (R µ ν ) gravity in backgrounds which asymptote to locally AdS 3 solution of Einstein gravity,
In principle, if AdS/CFT correspondence can be generalized to higher-derivative gravity, 1 In [14] , it is shown that the assumption δR| B = 0 can be relaxed if the spacetime is assumed to be maximally symmetric i.e. assumingK µν δK µν | B = 0 and δ(n µ ∇ µ K)| B = 0 whereK µν is the traceless part of the extrinsic curvature K µν , n µ is the unit normal to the boundary, and ∇ µ denotes the covariant derivative with respect to the Levi-Civita connection corresponding to G µν . then the instability of the f (R µ The higher-derivative formulation of the f (R µ ν ) model is given by the action,
(1.4)
In this case, one needs to add a counter-term to compensate for the δR-dependent surface terms. As we discuss in section 4.2, such a boundary term is accessible in asymptotically locally AdS 3 backgrounds, where, the traditional Fefferman-Graham expansion [31] is available. We show that the resulting stress-tensor is essentially equivalent to the one obtained in the second-order formulation.
We then turn to the on-shell value of the action, which, following [12] is an essential ingredient of holography, as it gives the leading term in the CFT partition function. It is known that there is a logarithmic divergence in the on-shell value of the action, which, can be subtracted by a cut-off dependent covariant counter-term [7, 8] . Here, we examine a cutoff independent term which appears to be not covariant. After adding this term, the trace anomaly disappears and a gravitational anomaly materializes instead. It is known that in two-dimensions, gravitational anomaly and trace anomaly can be switched by adding a local counter-term [32] . Here, we show that the value of the central charge can be determined in terms of the gravitational anomaly, by means of the holography of BTZ black holes or in terms of the Hawking effect of a Schwarzschild black hole placed on the boundary.
The organization of the paper is as follows. In section 2, following [28] we compute the Weyl anomaly in f (R µ ν ) model by studying bulk diffeomorphisms corresponding to the Weyl transformation of the boundary metric. In section 3, we review the holographic renormalization in Einstein gravity [7, 8] , and extend it to f (R µ ν ) gravity in section 4. In section 5, we study the gravitational anomaly that appears when the logarithmic divergence is subtracted by means of a cut-off independent counter-term. Section 6 is devoted to a short discussion about the CFT dual to f (R µ ν ) gravity. Some technical details are relegated to appendices.
Weyl anomaly in
Assume a general gravitational action,
We are considering f (R µ ν ) as a function of R µ ν = G µρ R ρν , with all contractions made between raised and lowered indices so that the metric does not enter explicitly [27] . Under a bulk diffeomorphism, this action is invariant up to a boundary term [33] ,
where, γ is the induced metric on the boundary and n α is the inward pointing unit normal to the boundary. For an asymptotically locally AdS solution G µν =Ḡ µν , the Weyl anomaly is given by this boundary term for a PBH (Penrose-BrownHenneaux) transformation [28, 33] . Details of this transformation is not important for us.
What we are going to show is that, the Weyl anomaly of f (R µ ν ) model for an asymptotically locally AdS solution G µν =Ḡ µν , equals the Weyl anomaly of the Einstein-Hilbert action with a cosmological constant term corresponding to the AdS background G AdS describing the asymptotic geometry ofḠ µν , and a screened Newton's constant G/Ω. To see this, one needs to compute the Taylor expansion of f (R µ ν ) aroundR µν , the Ricci tensor corresponding toḠ µν ,
Thus, 4) in which, Ω is given by Eq.(1.2), and,
In other words,
where,
This result confirms that the Weyl anomaly in f (R µ ν ) gravity on asymptotically locally AdS backgrounds is given by the Brown-Henneaux formula [6] with a screened Newton's constant [29] .
Holographic renormalization in pure Einstein gravity
In this section, we review the holographic renormalization of Einstein gravity in asymptotically locally AdS 3 spacetimes [7, 8] .
The AdS 3 solution of the Einstein field equation with a negative cosmological constant Λ = −ℓ −2 ,
is given by,
in which, t = ℓ −1 t AdS . An asymptotically locally AdS solution in normal coordinates is given by,
where, using the traditional Fefferman-Graham asymptotic expansion [31] ,
In these coordinates, the boundary is located at r = 0. The extrinsic curvature of the boundary is given by,
in which, ∇ µ denotes the covariant derivative with respect to the Levi-Civita connection corresponding to the metric (3.3), and,
is the inward pointing surface-forming normal vector. The components of the extrinsic curvature are,
Eq.(3.1) implies that [8] ,
where, γ ij and its inverse are used to lower and raise the Latin indices, while the trace operator 'tr' is defined in terms of g
ij . The covariant derivative D i is defined with respect to the Levi-Civita connection corresponding to γ ij ,
is defined with respect to g (0) ij , and R (0) is the corresponding scalar curvature. Finally,
For example, Eq.(3.9) is given by the field equation Π ri = 0, which implies that,
The last equality is obtained by noting that,
where, in order to obtain the first equality, we have used Lemma 10.2.1 in [34] . The second equality is obtained by noting that n.∇n ν = n µ K µ ν = 0. The Einstein-Hilbert action is given by,
in which, κ 2 = 8π G. The variation of the action with respect to δG µν is given by, 
Thus, 18) in which, S = S EH + S GH . The Brown-York tensor is defined by, 19) where, δγ µν is the variation of the induced metric on the boundary, which obeys the constraint n µ δγ µν = 0. Furthermore, one assumes that δn µ = 0. The minus sign in Eq.(3.19) reflects the fact that, one defines the energy-momentum tensor in terms of δγ ij . Here, noting that
, we have given the Brown-York tensor in terms of δγ ij . The idea is to identify T ij , after renormalization, with the expectation value of the stress-energy tensor of the dual CFT [9] ,
where, on the boundary, the indices are raised and lowered by g
The first term is singular on the boundary and can be removed by adding a counter-term to the Gibbons-Hawking term [9] ,
Thus, the action is, 23) and the regularized Brown-York tensor is,
We still need to remove a logarithmic divergence in the on-shell value of the action [8] . Recall that the on-shell value of the action gives the tree-level contribution to the free-energy of the boundary CFT [12] . Since, 25) one verifies that,
The regularized Gibbons-Hawking term S reg GH , removes the ǫ −1 term. Thus, using Eq.(3.10), one obtains [7, 8] , 27) in which, χ is the Euler-characteristic of the boundary,
Thus, the counter-term is a topological term and do not contribute to the Brown-York stress tensor [8] .
Eq.(3.9) implies that, 29) and Eq.(3.10) gives, 30) in which, c = 3ℓ/2G is the Brown-Henneaux central charge [6] . It is important to note that the logarithmic divergence of the on-shell action (3.27) is given by the central charge [8, 29] ,
In the previous section, we studied renormalization of the on-shell Einstein-Hilbert action and the corresponding Brown-York stress tensor for asymptotically locally AdS 3 spacetimes.
In this section, we study this problem in the f (R µ ν ) model of gravity. In section 4.1, we discuss the generalization of the Gibbons-Hawking term in the second-order formulation and in the higher-derivative formulation of f (R µ ν ) gravity. In section 4.2, we obtain the surface terms for asymptotically locally AdS 3 spacetimes, and study holographic renormalization of the corresponding Brown-York tensor.
Surface terms
The higher-derivative formulation of f (R µ ν ) gravity is given by the action (1.4) which is classically equivalent to a second order action given by Eq.(1.3) [35] . The field equation for
. It should be noted that this field equation
does not depend on δχ
. As far as the auxiliary field is considered as an independent field, one can assume that δχ µ ν is vanishing on the boundary [25] . In the both formulations, one supplements the action with a boundary term,
in which, L GH is the Gibbons-Hawking term and L ct is a counter-term that subtracts the infinite terms in the on-shell action and the Brown-York tensor. We will discuss the counterterm later. The Gibbons-Hawking term is added in such a manner that δS does not depend on the normal derivative of γ µν .
We begin by studying the higher-derivative formulation. In this case,
where [27] , 4) in which, = ∇ µ ∇ µ . Henceforth, we drop the first term on the right hand side of Eq.(4.3). The surface terms are:
where, inspired by Eq.(B.2), we have defined,
and,
Thus, on-shell, 9) in which,
The generalized Gibbons-Hawking term should be added such that it remove the n α ∂ α δγ µν -dependent terms in δS 1 . A covariant choice is,
This term has been derived in [25] for D = 3 massive gravity.
Using the normal coordinates,
the Brown-York tensor is defined by,
(4.14)
T ij ct comes from the counter-terms, to be discussed later,
and, 17) in which,
where D r = n µ ∂ µ . Furthermore, γ ij,r = 2n r K ij and consequently,
So far, our results are valid in both the second-order and the higher-derivative formulations. If one assumes that δf µ ν | B = 0 which is a legitimate assumption in the second-order formulation, then,
In this case, 21) and T 1 + T 2 reproduces the stress-tensor derived in [25] for the massive gravity.
On the contrary, the assumption δf µ ν | B = 0 can not be taken for granted in the higherderivative formulation of the f (R µ ν ) model, and the contribution from δR µ ν | B has to be taken into account [22, 23] .
Since we are interested in asymptotically locally AdS spacetimes, we simplify the problem by assuming that,
where, Ω is a constant. In this case, in the both formulations, δS 2 does not contribute in the Brown-York tensor, i.e. T 
where, we have added a counter-term similar to Eq. (3.22) . Noting that for such backgrounds,
which follows from Eq.(A.8), one verifies that,
Thus, 26) in which, t ij is defined in Eq.(3.12). δR is given by Eq.(B.17) and depends on the normal derivative of δγ ij . In principle, one seeks a surface term which removes this term. In [14] it is argued that no such surface term exists in general. In the next section we obtain the corresponding surface term for the asymptotically locally AdS 3 spacetimes given by Eq.(1.1).
Asymptotically locally AdS Einstein solutions
Henceforth, we restrict ourselves to backgrounds which asymptote to locally AdS 3 solution, and use the traditional Fefferman-Graham asymptotic expansion of the metric given by Eqs.(3.3) and (3.4).
2
In the Fefferman-Graham coordinates, δR is given by Eq.(C.10). In this case, the unwanted term in Eq.(4.26) is encapsulated in δP. Furthermore, 27) i.e. K is constant on the boundary located at r = 0. Consequently, one can use the following counter-term in order to remove δP in Eq.(4.26),
where α ∈ R is arbitrary, and Υ is defined in Eqs.(4.24) and (4.25). Note that P α ∼ O(r) and P α, on−shell = −α r R (0) + O(r 2 ). This changes Eq.(4.26) to,
Eqs.(C.7) and (C.10) imply that P α δΥ ∼ O(r 2 ) and consequently, the last term in Eq.(4.29) is vanishing.
3 Therefore, no further counter-term is needed in order to make the variational principle well-defined. The second term in Eq.(4.29) is vanishing on-shell because,
In summary, we have verified that the variational principle is well-defined for the action,
and the corresponding Brown-York tensor is,
2 For an asymptotically AdS spacetime, the metric asymptotes to the exact AdS metric at the boundary. In an asymptotically locally AdS spacetime, the boundary metric is treated as a free field and one can use the Fefferman-Graham expansion. It is known that in general, this expansion is insufficient to describe all solutions of f (R µ ν ) models, in particular at the critical point Ω = 0; see [36] and references therein. 3 Recall that δγ ij ∼ O(r) and
We still need to determine another counter-term which subtracts the logarithmic divergence in the on-shell value of the action (4.32) [8] . Using Eq.(3.25) one obtains,
where, f 0 denotes the (asymptotic) on-shell value of f (R µ ν ). Furthermore,
and, 
The parameter α in Eq.(4.28) remains arbitrary. This reflects the fact that classically, one can arbitrarily add or remove the Euler characteristic to the action. Since this is a finite term, holographic renormalization is also ignorant of it. In principle, α can be determined by AdS/CFT correspondence, since the on-shell value of the action gives the leading term in the CFT partition function [12] .
The formula (4.29) is obtained in the higher-derivative formulation given by the action (1.4). By simply omitting the Υ-terms, one obtains the corresponding formula in the secondorder formulation (1.3).
Brown-York stress-tensor
Since the log-counter-term is a topological term, it will not contribute to the Brown-York stress tensor (4.33). Using Eq.(3.9) one verifies that,
Thus, c = 3ℓ 2G (16πG Ω), (4.41) which is the central charge obtained in [25, 29] . Eq.(4.38) implies that, similar to Eq.(3.31), trT is given by the logarithmic divergence of the action [7, 8, 29] , 
A non-covariant cut-off independent counter-term
By the AdS/CFT correspondence, the leading term in the CFT partition function is given by the finite term of the classical gravity action [12] exp
in which φ (0) denotes the boundary value of the classical field φ cl , and the expectation value of the stress-energy tensor of the dual CFT is identified with the Brown-York tensor [9] .
The finite term in the gravity action (4.38) is the sum of the finite terms in the bulk term (4.34) and the boundary terms (4.35) and (4.36). The contribution from the boundary terms is given by,
where, χ is the Euler characteristic of the boundary. It is a topological term and consequently, the boundary data g
ij is obscured in this term. A closely related problem is the value of the divergence of the stress-tensor. The argument in [28] reviewed in section 2, as well as the method of [29] can not determine the divergence of the stress-tensor. Since f (R µ ν ) gravity is parity-preserving, there is no room for a gravitational anomaly in the dual CFT given by,
i.e. β = 0. Nevertheless, one can still add boundary local terms which induce a gravitational anomaly given by,
The holographic renormalization can produce such an anomaly, depending on the counterterm one uses to subtract the logarithmic divergence in the on-shell value of the action given by Eqs.(3.31) and (4.42).
The prescription in [7, 8] is subtracting the 'covariant' cut-off dependent counter-term S ct log = −S log−term given in Eq.(4.42). This results in Eq.(5.2). One can instead use another counter-term which is independent of the cut-off,
This counter-term is not covariant. Its contribution to the on-shell value of the classical action is
which, unlike the topological term (5.2) inherits the boundary data. Furthermore, it adds a new term to the Brown-York tensor,
In this scenario, the renormalized Brown-York tensor is,
Consequently, tr T = 0, 9) which is similar to the case studied in [32] . This observation motivates us to consider a more general situation, where,
ij , (5.10) which gives,
For the covariant subtraction (a, b) = (c, 0), and for the cut-off independent subtraction (a, b) = (0, −c/2).
Hawking effect of a 2d Schwarzschild black hole
In the following, we show that the true value of the central charge c = a−2b can be recognized via the Hawking effect of an asymptotically flat two-dimensional black hole located on the boundary [37] . Consider a Schwarzschild black hole, 12) where u(x) has a simple zero at x h indicating the event-horizon and,
The non-vanishing Christoffel symbols are,
and
These equations can be solved and the integration constants can be determined by requiring that: (a) T t t and T xt are finite at the horizon [37] , and (b) asymptotically, 
BTZ-black hole
It is interesting to note that the true value of the central charge can also be recognized by studying BTZ black holes. The boundary of a static BTZ black hole is a flat torus, i.e. both the trace-anomaly and the gravitational anomalies (5.11) are vanishing in this case. Thus, the BTZ-black hole can be used to verify, via holography, whether c + defined by Eq. (5.17) is the correct central charge or not.
The BTZ geometry, 18) in the Fefferman-Graham coordinates is given by, 19) in which, η ij = diag(−1, 1), δ ij = diag(1, 1) and the Hawking temperature β −1 gives the torus complex structure τ = iβ/2π. Since R (0) = −2ℓ −2 trg (2) = 0, Eq.(5.10) gives,
To see why this result is important recall that the CFT free-energy of a BTZ black hole can be obtained by a modular transformation τ → −τ −1 from the the free-energy of the vacuum which, corresponds to the thermal AdS [3, 29] ,
Consequently, the corresponding CFT weights are,
Thus, ∆ +∆ is equivalent to the Brown-York mass of the black hole,
(5.23)
Note that the time coordinate t in Eq.(5.18) equals, ℓ −1 t BTZ , and consequently, M BY = ℓM BTZ . The Cardy formula gives [5] , 24) where A BTZ is the area of the event horizon,
Discussion
For backgrounds in which, the traditional Fefferman-Graham expansion is available, we found the Gibbons-Hawking term in the higher-derivative formulation of f (R µ ν ) gravity, and determined the corresponding counter-terms. The resulting Brown-York tensor appeared to be equivalent to the one obtained in the second-order formulation, in which, an auxiliary field is used.
We also verified that the logarithmic divergence of the on-shell action can be subtracted either by a cut-off dependent covariant counter-term quite similar to the one used in [7, 8] , or by a cut-off independent non-covariant counter-term. In the former case, one obtains a trace anomaly equivalent to the one obtained in [29, 30] . In the later case, the Weyl anomaly is vanishing and one encounters a gravitational anomaly instead, which can be exchanged for the familiar Weyl anomaly by adding a local surface term. We verified that, keeping the gravitational anomaly, one can determine the value of the central charge in term of the Hawking effect of a Schwarzschild black hole placed on the boundary, or by means of BTZ holography.
The CFT dual to f (R µ ν ) gravity should address various phenomena which are absent in General Relativity. For example, the Ostrogradski's theorem implies that f (R µ ν ) theories are in general instable [26] . From this point of view, f (R) models in which f is an algebraic function of undifferentiated Ricci scalar are viable models [26] . Of course, in these models positivity of the screened Newton's constant requires that Ω ∼ f ′ > 0. This condition is also necessary for the unitarity of the boundary CFT as it implies that the central charge given by the holographic Weyl anomaly is positive. Unitary f (R µ ν ) gravities in three dimensions and their CFT duals are widely studied, see e.g. [38] and references therein.
In the context of f (R) gravity, Ricci stability also imposes Υ ∼ f ′′ (R) > 0 [39] , which should be addressed in the dual CFT. Furthermore, there is vDVZ discontinuity [40] in f (R) gravity models [41] since f (R) gravity models are essentially equivalent to GR with an additional scalar. Thus, it is necessary to realize the vDVZ discontinuity in the CFT dual. We could not trace these effects in the holographic renormalization of the theory, since both the Brown-York stress-tenor and the on-shell action appeared to be insensitive to such details.
In this appendix, we compute f
one verifies that,
Thus,
where, the term with a hat is replaced by 1, e.g. x yz = xz. In order to compute δf β α one needs to compute,
which is given by Eq.(A.4) and,
B Induced geometry on the boundary
In this paper, we assume that the spacetime given by the metric G µν is surrounded by a space-like boundary B given by a continuous and surface-forming vector field n µ [14] ,
Furthermore, we assume that this vector field is 'inward' pointing normal to the boundary. The induced metric on the boundary is given by,
3)
The extrinsic curvature of the boundary is defined by
It is useful to recall that in the ADM decomposition,
. Furthermore, δG ij = δγ ij and δG ri = N j δγ ij . One defines the Brown-York tensor with respect to δγ ij , assuming that δN = 0. It is clear that δn ρ = 0 and n ρ δG ρi = 0. See also appendix A of [25] .
Following section 10 of [34] and noting that here, γ µν = g µν − n µ n ν i.e. n 2 = 1 , one verifies that,
where, R l ijk denotes the Riemann tensor defined with respect to γ ij , the metric induced on the boundary. Similar to [34] This gives, in particular [14] ,
where, we have used,
In order to obtain the Gibbons-Hawking term, one needs to compute the surface terms that appear in the variation of the action with respect to the metric. Assuming that the boundary B is fixed [14] , i.e. δn ρ = 0 and δγ µν is tangential, 
C Curvature in Fefferman-Graham coordinates
The asymptotically locally AdS 3 backgrounds,
where, the boundary is located at r = 0, can be given in terms of the Fefferman-Graham expansion [7, 31] ,
ij (x) r n + h where, the trace operator is defined with respect to g
ij ; e.g. trh = g (0) ij h ij , and we have used the equality, γ ij = r g (0) ij − rg (2) ij − r ln rh ij + O(r 2 ) , (C.5) in which, the i and j indices are raised and lowered by g
ij . Some other useful identities are: This identity can be used to show that,
